Abstract. On an even-dimensional real submanifold of a Hermitian manifold, making use of the fundamental 2-form of the ambient manifold, we define a function. In this paper, we investigate the function in detail in some special submanifold.
Introduction
Let M be an even-dimensional real submanifold of a Hermitian manifold M . Then, making use of the fundamental 2-form of the ambient manifold, we can define a function f on M . In [4] , the present author and Y. Kubo defined the function and using this function, proved that an even-dimensional extrinsic sphere a of Kähler manifold is isometric with a sphere. Even though the final result in [4] is correct, there are some mistakes. In this paper, we correct these as well as investigate more properties of the function.
In Section 2 we recall some general preliminary facts on real submanifold of a Hermitian manifold and in Section 3 we define the function f and give a concrete form of the function. In Section 4 we discuss the function on some kind of real submanifolds and show that in these cases it takes much simple form.
In Section 5 we consider the function on a totally umbilical submanifold and give a differential equation which the function should satisfy, from which we conclude that if the totally umbilical submanifold has parallel mean curvature vector field, the gradient of the function defines an infinitesimal concircular transformation. From this, together with the theorem of Obata [2] , we prove that the submanifold M is isometric with a sphere in Euclidean (n + 1)-space. This is the correction of the paper [4] . Finally in Section 6 we consider the case that the totally umbilical submanifold is a submanifold of codimension 2 of complex submanifold and give a concrete form of the second covariant derivative of the function which is a generalization of the result in [3] .
The author wishes to thank the referee who read the manuscript carefully and pointed out the author's many careless mistakes.
Even dimensional submanifold of a Hermitian manifold
Let M be a real (n+2p)-dimensional Hermitian manifold with Hermitian structure (J, g), that is, J is the almost complex structure of M and g the Riemannian metric of M satisfying the Hermitian condition g(JX, JY ) = g(X, Y ) for any X, Y ∈ T (M ). Let M be an n-dimensional real submanifold of M and ι be the immersion. Then the tangent bundle T (M ) is identified with a subbundle of T (M ) and the induced Riemannian metric g of M is defined by g(X, Y ) = g(ιX, ιY ) for X, Y ∈ T (M ), where we use the same ι for the differential map of the immersion ι. The normal bundle T ⊥ (M ) is the subbundle of T (M ) consisting of all X ∈ T (M ) which are orthogonal to T (M ) with respect to g. At each point of M , we choose orthonormal local vector fields ξ 1 , . . . , ξ 2p in such a way that they belong to T ⊥ (M ). For any X ∈ T (M ) and for ξ a (a = 1, . . . , 2p) the transforms JιX and Jξ a are respectively written in the following forms:
where F , p ab , U a and u a define respectively an endomorphism of T (M ), that of T ⊥ (M ), local tangent vector fields and local 1-forms on M . They satisfy the relations u a (X) = g(U a , X) and p ab = −p ba . If U a , a = 1, . . . , 2p vanish identically, the tangent space of M is invariant under J and in this case the submanifold is a complex manifold with induced almost complex structure.
Applying J to both side members of (2.1) and (2.2), we find
We denote by ∇ and ∇ the Riemannian connection of M and M respectively and by D the induced normal connection from ∇ to T ⊥ (M ). Then they are related by the following equations [1] :
where h is the second fundamental form and A a is a symmetric linear transformation of T (M ), which is called the shape operator with respect to ξ a . The last two
and it is well-known that µ is independent of the choice of orthonormal normals ξ 1 , . . . , ξ 2p . The length of the mean curvature vector field is called the mean curvature of the submanifold and it is given by
Differentiating (2.8) covariantly, we get
from which we know that the mean curvature vector field is parallel with respect to the normal connection if and only if
because of the fact that s ab = −s ba .
A function defined by the fundamental 2-form of M
Let Ω be the fundamental 2-form of the Hermitian manifold M , that is, Ω is defined by
where Ω p denotes p-times exterior product of Ω. Then we have Lemma 3.1. f is independent of the choice of mutually orthonormal normals ξ 1 ,. . . ,ξ 2p .
Proof. Let η 1 ,. . . ,η 2p be another choice of mutually orthonormal normals to M . Then we have
Denoting by S(2p) the symmetric group of order 2p, we have from (3.2)
This shows that f is independent of the choice of normals.
Now we discuss the function f more concretely. The number A of the terms in the expansion of f as a sum of product Ω(
Hence, in the expansion, there are A/B = p! like terms. Hence we can write
where means the sum of all such combinations of a 2l−1 , a 2l ∈ {1, 2, . . . , 2p} that a 2l−1 < a 2l .
Complex submanifolds, CR submanifolds of CR dimension
n − 2 2
Let M be a complex submanifold of a Hermitian manifold M . Since the normal space
. . , p and extend them to local fields ξ 1 , . . . , ξ 2p . Then we have
Hence, from (3.3) f = p!. Thus we have 
We choose an orthonormal basis e 1 , e 2 , . . . , e n of T x (M ) in such a way that e 1 , e 2 , . . . , e n−2 ∈ H x (M ). Then Jιe j ∈ T x (M ), (j = 1, . . . , n − 2) and (4.1)
where η 1 and η 2 denote the normal part of Jιe n−1 and Jιe n respectively. We note that η 1 and η 2 never vanish. In fact, if, for example, η 1 vanishes at a point x ∈ M , from the first equation of (4.1) it follows that Jιe n−1 ∈ T x (M ). This shows that the real dimension of H x (M ) at x is greater than n − 2. This is a contradiction. We choose orthonormal normal vectors ξ 1 , ξ 2 ,. . . ,ξ 2p to M in such a way that ξ 1 and ξ 2 are in the direction of η 1 and η 2 respectively, that is,
because of (4.1). These equations show that the subspace span{ξ 3 , . . . , ξ 2p } of T ⊥ (M ) is J-invariant and therefore we choose such an orthonormal basis of span{ξ 3 , . . . , ξ 2p } that ξ 2a = Jξ 2a−1 , a = 2,. . . ,p. By choosing these orthonormal normals, it follows that, for a, b 2:
and for a 3:
Hence in (3.3), only the term Ω(ξ 1 , ξ 2 )Ω(ξ 3 , ξ 4 ) · · · Ω(ξ 2p−1 , ξ 2p ) does not vanish and consequently we have
Next let M be a real submanifold of codimension 2 of a complex submanifold M of a Hermitian manifold M . We choose orthonormal normals to M in M in such a way that ξ 1 , ξ 2 ∈ T (M ) and ξ 3 ,. . . ,ξ 2p ∈ T ⊥ (M ). As M is a complex submanifold, T ⊥ (M ) is J-invariant. Hence, in entirely the same argument as in the case that M is CR submanifold of CR dimension (n − 2)/2, we have A a X = ρ a X for any X ∈ T (M ), we call the submanifold a totally umbilical submanifold. In this case ρ a = (trace A a )/n, that is,
First we consider the function f on a typical example of a totally umbilical submanifold.
Example 1. Let M be a complex space C (n+2)/2 with complex coordinates
is a totally umbilical submanifold of codimension 2 of C (n+2)/2 . We choose mutually orthonormal vector fields ξ 1 and ξ 2 to S n as
Then Jξ 2 = −∂/∂x q . Since codimension is 2, the function f = Ω(ξ 1 , ξ 2 ) = −g(ξ 1 , Jξ 2 ) = x q . Thus, in this case, f is the level function of the last real coordinate.
From now on we assume that the ambient manifold M is a Kähler manifold. Then J is covariant constant and therefore ∇ X Ω = 0. So, from (2.7):
because Ω p is a 2p-form and s ab are skew-symmetric with respect to a and b. Then it follows that
Substituting (2.7) into the above equation and making use of the fact that
we have
If M is a totally umbilical submanifold, by (5.1), it follows that
because of s bb = 0. Thus we have
Hence we obtain In connection with the function which satisfies (5.6), Obata [2] proved that in an n-dimensional complete, connected Riemannian manifold M , if there exists a function f satisfying g(∇ X gradf, Y ) = −k 2 f g(X, Y ), for some constant k, M is isometric with a sphere of radius 1/k in the Euclidean (n + 1)-space. Further, it can be easily proved that if the mean curvature vector field is parallel with respect to the normal connection, then |µ| is constant and since 
